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finite dimension; if that gives him an additional feeling of security, he may
of course add that assumption to all the theorems of this chapter. But he
will inevitably realize that this does not make the proofs shorter or simpler
by a single line; in other words, the hypothesis of finite dimension is entirely
irrelevant to the material developed below; we have therefore thought it best
to dispense with it altogether, although the applications of calculus which
deal with the finite dimensional case still by far exceed the others in number
and in importance.
After the formal rules of calculus have been derived (Sections 8.1 to 8,4),
the other sections of the chapter are various applications of what is probably
the most useful theorem in analysis, the mean value theorem, proved in
Section 8.5. The reader will observe that the formulation of that theorem,
which is of course given for vector valued functions, differs in appearance
from the classical mean value theorem (for real valued functions), which
one usually writes as an equality f(b) -f(a) =f(c)(b - a). The trouble
with that classical formulation is that: (1) there is nothing similar to it
as soon as / has vector values or when there are a finite number of points
where /' is not defined; (2) it completely conceals the fact that nothing
is known on the number c, except that it lies between a and b, and for most
purposes, all one need know is that f(c) is a number which lies between
the g.l.b. and Lu.b. off in the interval [a, b] (and not the fact that it actually
is a value off). In other words, the real nature of the mean value theorem
is exhibited by writing it as an inequality, and not as an equality.
Finally, the reader will probably observe the conspicuous absence of
a time-honored topic in calculus courses, the "Riernann integral." It may
well be suspected that, had it not been for its prestigious name, this would
have been dropped long ago, for (with due reverence to Riemann's genius)
it is certainly quite clear to any working mathematician that nowadays such
a "theory" has at best the importance of a mildly interesting exercise in the
general theory of measure and integration (see Section 13.9, Problem 7).
Only the stubborn conservatism of academic tradition could freeze it into
a regular part of the curriculum, long after it had outlived its historical
importance. Of course, it is perfectly feasible to limit the integration process
to a category of functions which is large enough for all purposes of
elementary analysis (at the level of this first volume), but close enough to
the continuous functions to dispense with any consideration drawn from
measure theory; this is what we have done by defining only the integral
of regulated functions (sometimes called the "Cauchy integral"). When
one needs a more powerful tool, there is no point in stopping halfway, and
the general theory of ("Lebesgue") integration (Chapter XIII) is the only
sensible answer.

